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NONSTATIONARY HEAT AND MASS
TRANSFER IN MOLECULAR GASES

S. A. Savkov?®and A. A. Yushkanov® UDC 533.72

The analytical solution of the problem on a nonstationary heat source in a diatomic gas has been given. The
characteristics of the temperature and sound waves excited by it have been obtained. The distribution of the
pressure, temperature, and concentration of the gas molecules has been considered.

Recent years have seen a growing interest in studying nonstationary heat and mass transfer in molecular gases
[1]. Consideration of phenomena of such a kind is necessary, in particular, for analysis of the thermal effects of inter-
action between laser radiation and a substance [2], which is pressing in investigating the self- and defocusing of a
laser beam in asorbing media [3-5], especidly in the case of a variable (with time) radiation power. Of independent
interest is also the behavior of a gas in the vicinity of a heated solid wall [6], including the formation and propagation
of thermoacoustic waves [7]. However, in theoretical description of the processes enumerated, the authors restrict their
consideration to the dynamics of a continuum, whereas at distances comparable to the mean free path of molecules the
state of the gas is determined by the kinetic equation [8]
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The procedure of solution of the analogous problem for an atomic gas has been presented in sufficient detail
in [9]. The present paper is devoted to a diatomic gas.

Restricting ourselves to alowance for effects linear in the temperature and concentration difference, we repre-
sent the solution of (1) in the form

f=fy(1+0).

Passing to dimensionless variables, we obtain

%—T+CD¢ =1 [¢] +W(,Ng(Cyr).
Following [10], we take
3
1[61=Y pMi-¢,
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where
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p3=Vv2C;.

The function W(t, r) can be represented in the form of the Fourier integra
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W(t,r) =J'Ww (r) exp (iwt) dw, here W, (r) =%[J'W(t, r) exp (- iwt) dt,

—00 —00

which enables us to consider the distribution of macroscopic characteristics of the gas as a superposition of the corre-
sponding quantities created by individua harmonics. The heat-release region itself can be represented as a set of point
sources. Thus, the problem is reduced to solution of the equation

')

at +Clh =1[d] +exp(int) S(C,y)d(r),

determining the state of the gas around an isotropic point source located at the origin of the coordinate system.
In the case of the heat source we obtain

s:sn:%(czwz)—l.
In separate excitation of the trandational and rotational degrees of freedom, we have
S=SV=%C2—1 and S=S,=y" -1

respectively.

For the sake of completeness we also consider the particle source:

S=5=1.

Following considerations analogous to those presented in [9], we obtain the following expression determining
the dependence of the macroscopic parameters of the gas on the distance to the source:
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Summation in the first term of (2) should be only over those ng for which Re ((o +1)/ng) > 0.
Because of the strong cumbersomeness, it is more convenient to compute the values of Ny by direct numeri-
cal integration:
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where Ajj and /\jj are the components of the matrices
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The values of ng are found from the equation
D(n) =detA(o,n)=0. ©)

As has been shown in [9], the dispersion function D(n) is an even piecewise analytical function in a complex
plane with a section along the rea axis and can be represented in the form
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Fig. 1. Region of o values in which the dispersion equation has two (Cq), four
(Cy), and six (Cjg) roots of the discrete spectrum.

D@=A@+) X @ [] Ma-2) & +Imz>0,
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where
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A arg G(x) is the increment in the argument of the function G as x changes from —oo to +oo,

Thus, to determine ng it is sufficient to compute D and x* for arbitrary (K + 1)th values of z and to solve
the resulting system of equations for the above quantities and the constant A. The values of + ng found in such a
manner are the sought roots of (3).

Figure 1 shows the regions Cq, Cy, and C3 of variation of the parameter o in which the dispersion equation
(3) has two, four, and six roots respectively. For the negative half-space of Im o the picture has a form symmetric
about the red axis.

Figure 2a and b gives the values of the réeative difference of the temperature and concentration of the gas
molecules, which are created by a point heat source. The distribution of the remaining moments has an analogous
form. The exception is AT“;) = AN, whose plots are presented in Fig. 2c. The symmetry of MI' relative to the rear-
rangement of the indices is noteworthy.

In the immediate vicinity of the source, i.e., when r << [iw+ 100, the main contribution to expression (2) is
made by the solutions of a continuous spectrum. The value of the integrals is determined by the low values of w, for
which

exp(-(iw+1)r/n) dn = 1
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Fig. 2. Values of F; = 2r/2rd Ti0 (@), Fp = 24 NyO (b), and Fg =
2% N (¢) vs. distance to the source for fixed values of w: 1) w = 0.1;
2) 0.2; 3) 05, 4) 1, 5 2, 6) 5, 7) 10.
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Thus, the distribution of most of the moments in the immediate vicinity of the source is independent of w and
is prescribed only by its instantaneous power. The values of A'lf;’ = AN, in the case in question are in proportion to
Vr and are determined by the consequents in the expansion in n.

With distance from the source the second term in (2) is damped more rapidly than the first term. Therefore,
in the limit r — oo, the value of Mg is prescribed by the solutions (if any) of a discrete spectrum. The rate of damping
of these solutions depends on the value of ng. As a result, the one which makes a larger contribution to the distribu-
tion of macroscopic parameters in the immediate vicinity of the source is damped more rapidly.

In the case of low freguencies (w — 0) the roots of the dispersion equation are determined by the relations
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Accordingly, we obtained
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As a result we have

AT, =ATo+1y,, AT}’]:ATV:AT‘;’]‘%—SI“gllZ, ATE):ATw:ATﬂS+—5|114_I12,
AT = AT =1y, ATzzATﬁS+25|11+;2I12+|22, AT&=AT3)=AT?+725|1;4_|22,
AT = AT 25'11‘12'12+ |22’ AT = AT 5|126+|22’ ATO= AT 5'124‘ '22,

ANy = AN 1, ANV:ANﬁS——SllngZZ, ANw:ANﬁS——SIlZL;IlZ,

as
ANy = ANG+ 1,
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TABLE 1. Parameters of the Sound Wave

w N1 Ay ky d &
0.001 1.43427-836.666i 0.00090 0.00120 0.00000 0.49941m
0.01 1.43417-83.6659i 0.00897 0.01195 0.00009 0.494091
0.1 1.42524-8.36315i 0.08751 0.11818 0.00818 0.443771t
0.2 1.40559-4.16599i 0.16596 0.23005 0.02961 0.399261
0.3 1.38494-2.748509i 0.23611 0.33402 0.05915 0.366031
0.4 1.36685-2.02388i 0.30138 0.43100 0.09344 0.34028m1
05 1.35175-1.57661i 0.36413 0.52226 0.13064 0.319361
0.6 1.33921-1.26895i 0.42575 0.60889 0.16977 0.30171m
0.666 1.33208-1.11224i 0.46620 0.66392 0.19635 0.29140m
0.667 1.33197-1.11008i 0.46681 0.66474 0.19676 0.291251
0.7 1.32870-1.04188i 0.48703 0.69169 0.21024 0.28643m1
0.8 1.31980-0.86585i 0.54844 0.77128 0.25170 0.27293n
0.9 1.31215-0.72435i 0.61029 0.84814 0.29391 0.260841
1.0 1.30550-0.60743i 0.67276 0.92265 0.33670 0.24988m
11 1.29965-0.508609i 0.73597 0.99510 0.37995 0.239871
12 1.29446-0.42383i 0.80000 1.06572 0.42359 0.230651t
13 1.28981-0.34983i 0.86492 1.13471 0.46754 0.22210m
14 1.28562-0.28454i 0.93075 1.20223 0.51175 0.21415m
15 1.28180-0.22633i 0.99753 1.26843 0.55618 0.20671m
1.6 1.27831-0.17398i 1.06527 1.33342 0.60080 0.19972m1
17 1.27511-0.12654i 1.13399 1.39729 0.64558 0.19315m
18 1.27214-0.08328i 1.20368 1.46014 0.69050 0.18693m1
19 1.26939-0.04358i 1.27435 1.52204 0.73553 0.18104m
2.0 1.26682-0.00697i 1.34600 1.58305 0.78067 0.17545m1
2.019 1.26635-0.00033i 1.35972 1.59455 0.78926 0.17441m
TABLE 2. Parameters of the Temperature Wave
w N2 A ko dz )

0.001 15.8395-15.7831i 0.00090 0.03160 0.03165 —0.500051t
0.01 5.08692—4.90869i 0.00898 0.09925 0.10081 —0.50042m
0.1 1.79078-1.28036i 0.09038 0.30115 0.34310 —0.496151
0.2 1.35867-0.71278i 0.17690 0.41822 0.51661 —0.49241mt
0.3 1.16862-0.44118i 0.25908 0.50744 0.66414 —0.49464m
0.4 1.05611-0.26967i 0.33931 0.58254 0.79813 —0.499801t
0.5 0.97977-0.14685i 0.41908 0.64873 0.92342 -0.50613m
0.6 0.92365-0.05232i 0.49924 0.70865 1.04251 -0.51282m
0.666 0.89384-0.00036i 0.55259 0.74555 1.11847 -0.51725m

which coincides with the distribution of M%' from a stationary source. Here
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Fig. 3. Vaues of F4 = 2% PO vs. distance to the source for w = 0.1 (a),
0.2 (b), 0.666 (c), 0.667 (d), and 2.019 (e) (1); contribution of the solutions of
the continuous (2) and discrete (3) spectra.

The functions

describe the gasdynamic distribution of the temperature and concentration of the gas molecules which is created by
unit-power sources of heat and particles. It is noteworthy that the above terms are determined by the solution of the

as as _
ATy = - ANy = AN = -

discrete spectrum, which corresponds to the eigenvalue of ns.
Of independent interest is to consider the relative difference of the gas pressure
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Fig. 4. Phase velocity of the sound (upper group of curves) and temperature
(lower group) waves vs. frequency: 1) in the diatomic gas; 2) in the atomic
gas, 3) results of the experiments [11] on measurement of the velocity of
sound in inert gases.

which can be written in the form of a superposition of spherica waves
ZAﬂexpo(oot—kar) dr+6a)+ J'Acexp(l(cot—kcr) dr + ) dn .

The quantities kg = Im ((iw+ 1)/ng) and dy = Re ((iw + 1)/ny) are determined solely by the structure of the dispersion
equation and are independent of the character of the source. The values of the parameters indicated are presented in
Tables 1 and 2; the tables also give Ay and &y for S = §..

The phase rate of the above wave processes is prescribed by the relation ag = wW'ky, which yields a; = ag =
V5/6 and ap = Vw in the limit w - 0. Passing to dimensional quantities, we find ag = VBKT/3m, which coincides
with the velocity of sound computed within the framework of the dynamics of continua. The value of a; = V2wy cor-
responds to the velocity of propagation of a temperature wave.

The pressure distributions are plotted in Fig. 3.

As is clear from the plots and tables presented, the amplitude of each wave increases with frequency; the rate
of its damping aso increases, tending to a wave corresponding to the solutions of the continuous spectrum, as w ap-
proaches the boundaries of the regions of Cg.

Figure 4 gives the phase velocity of the sound and temperature waves as a function of the frequency.

It is noteworthy that the sound and temperature waves have opposite values of the initial phase in the limit
of low frequencies. The former is one quarter of a period ahead of the source, whereas the latter lags behind it by the
same value.

The authors express their thanks to Professor A. |. Osipov and Doctor of Physica and Mathematical Sciences
A. V. Uvarov for discussion of the results and valuable recommendations.

NOTATION

Ay and ay, amplitude and phase rate of the wave processes corresponding to the solutions of the discrete

spectrum; A. and a., the same for the solutions of the continuous spectrum; C = VVm/2KT,, dimensionless value of
the velocity of trandational thermal motion of gas molecules; dy and d., logarithmic decrement of the wave processes

32
corresponding to the discrete and continuous spectra of solutions; f, distribution function; fg = nOD%m B 3 exp

(—C2—y2), equilibrium (Maxwell) distribution; G, phase distribution density of the sources; g, corresponding dimen-
sionless phase density for a unit-power source; i, imaginary unit; 1[¢] and J[f], linearized and nonlinearized collision
operators; J, moment of inertia of the gas molecules; k, Boltzmann constant; ky and k., wave numbers corresponding
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to the solutions of the discrete and continuous spectra; M% = ATg = 0= g1 ¥2 I %:2+y2 —E%s exp (—Cz—y2
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To 3 0 ZD To
_ n-n _
21 3/2'|'(y2—1)q>s exp (-C? - )ydydC; M& = ANg = - 0 = o 3/2J'c|>s exp (-C? - Y)ydyd>C; m and n, mass and
0

concentration of the gas molecules; P, pressure; r, radius vector of the point in question; S dimensionless value of the
phase density of a unit-power point source; T, temperature; t, time; V, therma velocity of trandational motion of the
gas molecules; W, source-power distribution density; &y and &, initial phase of the wave processes corresponding to
the solutions of the discrete and continuous spectra; g, roots of the dispersion equation (3); k, number of root pairs
of the dispersion equation; y = QVJ/2kTy, dimensionless value of the velocity of rotationa motion of the gas mole-
cules; ¢, correction to the equilibrium distribution function; Q, therma velocity of rotational motion of the gas mole-
cules; X, thermal diffusivity of the gas; w, cyclic frequency of change of the source power; o = iw; A, relative
difference of the corresponding quantity. Subscripts and superscripts: as, asymptotic, i.e., realized at a fairly large dis-
tance from the source, distribution of the gas parameters; i and j, ith and jth quantities; ¢ in the function Ac(n), com-
putation of the integral of a complex number, in the remaining cases, belonging to the continuous spectrum of
solutions of the kinetic equation; h, heat; m, prescribes the form of the distribution moment; p in the function Ap(n),
quantity computed in terms of the principal value of the Cauchy integral, in the remaining cases corresponds to the
particle source; s, source, prescribes the character of the source and corresponds to s = 1-&, 2-S, 3—- S, and

4-S, v, trandlational degrees of freedom of the gas molecules; a, ath quantity; w, rotational degree of freedom of
the gas molecules; 0, unperturbed values of the parameters of the gas.
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